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Abstract — The effect of coefficient quantization o audio filter parameters using the direct-form
filter implementation is analyzed. An expressiondr estimating the maximum error in frequency and
Q resolution is developed. Due to coefficient quaimation, appreciable error in the DC gain of some
types of second-order direct-form filters may resul Simple techniques are developed for reducing
or eliminating this error without increasing filter complexity or coefficient precision.

O Introduction

The direct-form | (DF1) filter topology is prefeddor recursive audio filtering [1], [2], and it$fieiency

of implementation is hard to beat. However, orsadvantage of the DF1 topology is its poor coedfiti
sensitivity [3], [4]. Recent trends to increasenpling rates further degrade coefficient sensiivitJsing
higher-precision coefficients often comes at aneese, such as increased hardware cost or reduced
performance from double-precision arithmetic. Wwelgze how coefficient quantization affects filter
parameters and introduce the conceppafameter quantizatian We develop methods for minimizing
these effects without increasing filter complexatycoefficient precision.

1 Background

For high quality audio using a fixed-point DF1 iraplentation, a minimum of 24-bit signal precisiornhwi
48-bit accumulator precision and some form of efemdback is recommended. With truncation error
cancellation, the DF1 has noise performance safiicfor the most demanding audio applications. The
DF1 filter topology with truncation error canceitat is mathematically equivalent to double-preaisin

the signal feedback paths using single-precisiogffibients. As a result, truncation error candaia
greatly improves signal-to-quantization noise @& fbF1 but does nothing for coefficient sensitivitior
more information on error feedback and truncatioorecancellation, the reader is referred to [1d §21.

High order recursive filters may be broken dowriparallel or cascade first- and second-order Gesti
and there are good reasons to do so. Cascademptiation of first- and second-order sections leteb
coefficient sensitivity than direct implementatiand is easier to analyze [4]. Many audio equabnat
filters are implemented as parametric first- orosekzorder sections, such as shelving or boostaigb (
called peak or presenck filters; and graphic equalizers are implementede#her parallel or cascaded
second-order sections. Therefore, we limit ourlysis of coefficient quantization to first- and sed-
order sections only. Higher order filters may bestructed from these basic structures.

1.1 Recursive Filter Transfer Function

Given the parameters of gain, frequency, and @Gh@nsecond-order case), we first develop the aneffis
for several types of audio filters.

1.1.1 First-order Case
The general bilinear transfer functidty(s), of a first-order filter is written as

V,s+Vw
Hu(s) =m0

1)

whereVy is the high-pass gain (at the Nyquist frequendy)s the low-pass gain (at DC), and2x-fc [5].
fc is the cutoff frequency (for high- and low-padeefis) or center frequency (for all-pass and sfikdfrs).



To convert Equation (1) to the digital domain, wee the bilinear transform. We make the following
substitutions [3]:

z-1

- z+1
f @
w- Q= tan[nch

S

The sampling rate i§. After the substitutions, we simplify the genebdlinear transfer function to the
following:

(v2+Y,)+(\R-v,) 2

H. (z)= 3
(2) (Q+1)+(Q-3)z* ®)
Given the first-order transfer functiody(z), in the form
_&*az
H,(z)=———— 4
1( ) 1+b1271 ( )
The coefficients oH;(z) become the following:
_VQ+V, (5)
Q+1
V. Q-V,
=" 6
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= 7
b Q+1 0

The parameters for common first-order audio fitigres are shown in Table 1. The functioma(x, y)and
max(x, y)yeturn the minimum and maximum (respectively)tait arguments.

High-pass| Low-pass | All-pass | High Shelf Low Shelf
Q Q Q Q Qin(V,,) | Q mnax(vi 1)
L
V. 0 1 1 1 M
Vy 1 0 -1 A 1

Table 1. First-order parameters for common audio ifters.

1.1.2 Second-order Case
The general biquadratic transfer functibh(s), of a second-order filter is written as

VH32+VB%)S+ Vot

H,(s) = (8)
P+ % st
Q




whereVy is the high-pass gaiWg is the band-pass gain g}, V. is the low-pass gain, ane=27-fc [5]. fc
is the cutoff frequency (for high- and low-passefit) or center frequency (for all-pass, shelf badst/cut
filters). To convert Equation (8) to the digitabrdain, we again use the bilinear transform. After
substitutions, we get the general digital biquadraansfer function

[vL92+ng+vH]+2(vLQZ—\4) z‘l+[v92— Vo v] 7

(Qz +Q+1]+ 2((22 —])z‘l+[QZ—Q+ 1] 72
Q Q

H,(2) = (9)

We wantH,(z) in the form

+azt+az7?
Hz(z)=% (10)

So, the coefficients become
V, Q% +V, % +V,
& = o) (12)
Q%+ +1
Q

2(V,.Q%-V,
alz—( —5 d (12)
Q*+"+1
Q
Q
VLQZ—V36+VH

a, = 0. (13)
Q

_2(e*-1)

Q

= (14)
Q*+"+1
Q

QZ—%+1
b, =—-35— (15)
o2 +2 41
Q

The parameters for common second-order audio fijiees are shown in Table 2. The boost/cut filter
(based on [6]) is designed such that its frequenegponse is symmetrical about unity gain for
complementary boost and cut gains.



High-pass| Low-pass| All-pass High Shelf Low Shelf Boost/Cut
| o o o | amin({V, 1) Qﬂnax[% 1J o
L
Q Q Q Q Q Q Qmnin(V;,1)
Vi 0 1 1 1 \'% 1
Vg 0 0 -1 W W Vg
Vi 1 0 1 \' 1 1

Table 2. Second-order parameters for common audifilters.

1.2 Implementation Considerations

We now discuss some considerations for both fixett floating-point implementation. As we will show
the topic of coefficient quantization becomes mawhen using extended-precision floating-point
arithmetic. However, to be comprehensive, floafioint quantization is discussed briefly.

1.2.1 Fixed-point Implementation

With fractional fixed-point implementation, care stibe taken to insure that the magnitudes of ther fi
coefficients are bounded by 1.0. If the gain df fiter does not exceed 1.0 at any frequencyait be
shown that the magnitudes &4, a,, andb, are always bounded by 1.0, while the magnitudes ahdb,

are bounded by 2.0. One way to remedy this isateeta; andb;, and accumulate their respective terms
twice within the filter. This is allowable providdéhat the filter is known to be stable and the niiagle of

its output always bounded by 1.0, regardless ofiargymediate overflow that may occur. Jackson#eR
shows this to be true even within accumulator &echires without overflow bits [1].

If the magnitude of the filter's gain exceeds 1tlle implementer must determine if this causes the
magnitude ofy, or a, to exceed 1.0 aay to exceed 2.0. If this is the case, the impleerentay scale the
feed-forward 4,) coefficients by the reciprocal of the filter’'s rimum gain and apply complementary
scaling at the output of the filter to restore filtter gain. If the maximum gain is chosen as avpprof-2,

the complementary scaling at the filter's outpusimaplified to a shift operation. Scaling the fdedward
coefficients is preferable to scaling the inpuhsilgtself, since the input signal’s precision iaimained in

the guard bits of the accumulator. Unfortunatélys increases the effects of coefficient sensitivas a
result, there is a trade-off between the maximuin ¢and headroof) of the filter and its feed-forward
coefficient sensitivity.

To simplify our analysis, we assume that scalingasrequired. We choose examples that conforthiso
assumption, unless otherwise noted.

1.2.2 Floating-point Implementation

Floating-point implementation circumvents the guogli problem altogether, since the numerical
representation is typically normalized. Howevdnafing-point arithmetic does not circumvent the
problem of coefficient sensitivity in the DF1 topgl. Quantization of the mantissa may still result
response error at lofy, and these effects must be considéred.

Thirty-two bit (single-precision) floating-point mbers have a 24-bit mantissa — at worst case,@m@bit
more precision than 24-bit fixed-point, due to thwlied leading 1. This lack of sufficient guarisb
makes 32-bit floating-point unacceptable for higlalidy audio when using the direct-form filter tdpgy.

That said, many floating-point DSPs and generappse microprocessors have native support for deuble
or extended-precision floating-point arithmetic. heT Analog Devices SHARC supports an extended-

! Increasing the headroom of the filter can redbesfitter’s susceptibility to forced overflow odaitions [1].
2 A simple modification to the DF1 topology patentdRossum [10] dramatically improves floating-gaioefficient
sensitivity for audio filtering.



precision mode that uses 40-bit floating-point esgntation with a 32-bit mantissa [7]. The Texas
Instruments TMS320C6x DSPs support 64-bit floaagnat, although at higher latency than 32-bit [8].
The Intel P6 family processors natively support &4d 80-bit floating-point arithmetic in the x87 &P
[9]. We recommended using double or extended-pi@tiwhen implementing high quality digital audio
filters with the direct-form topology. Not only ds this meet the requirement of low noise, bulsb a
greatly reduces coefficient sensitivity.

2 Coefficient Quantization

Quantization of the filter coefficients inducesemor upon the filter’s response; this effect fered to as
coefficient sensitivity Coefficient sensitivity is a function of thetéit topology, and we only consider the
DF1 topology here. While this error is negligiliée most values ofc, it can become significant for very
low values offc. We show that the result of coefficient sendyivis, for all practical purposes, a
perturbation ofc, Q, and the DC gaity,. WhileVz andVy, are also affected, it is to a lesser extent and ca
be considered negligible for audio filtering.

2.1 Fixed-point Quantization Function

Assume the numbex is to be quantized to a finite precisionlobits. There is one sign bi§ and the
remaining bits are used to represent the fractipagtlof the number, formatted &¢b-1). No bits are used
to the left of the radix point to represent an gete part of the number; therefore, coefficients are
constrained between —1.0 and 15?2 The quantization functiomy(x), becomes

=200

q(x) = SDound(gj (16)

where theguantume, is the smallest numerical value representablke hviits.

2.2 Floating-point Quantization Function

Here, only the precision of the mantissa is conside The numbex is normalized by to 1.(m-1) format,
where the leading 1 of the mantissa is impliedHgy|EEE format so that its total resolutionmsits. The
guantization function becomes

{1, ifx=0

n=<

int[ log, (/)] ;
2 , otherwise (17)

g(x)=2" n[found(&j
n

3 Parameter Quantization

The net result of coefficient sensitivity pgrameter quantizatiarthe quantization of a filter's coefficients
has a perturbation effect on the filter's actugdunparameters. We wish to determine how quaimizat
affects a filter’'s parameters and begin our analysih the first-order case.

3 SSE2, Intel's second iteration of Streaming SIM@le-instruction multiple-data) Extensions, wasaduced with
the Pentium 4 processor. SSE2 can operate on4viit loating-point “quadwords” simultaneously, addition to the
x87 FPU.



3.1 First-Order Case

3.1.1 Reverse Calculation of Filter Parameters from Quantized Coefficients

Quantizing the first-order filter coefficients ofjations (5)-(7) and solving this system of thrgaations
in three unknowns fdi, V, andVy, we get

_ s pops[ 1FA(R)
o= (1_q(q)J 4
_a(a)+a(a)
VL__EIEGQ__ (19)
_q(a)-a(a)
Vi " 1-q(h) (20)

3.1.2 Perturbation of f¢
Examining the first-order case, from Equation (@ ebserve that; — —1.0as@2 — 0. However, due to

guantizationb; can only approach —1.0 in increments of the quantize,e. Representing all possible
values ofb; (from —1.0 upward) as a function of
b =-1+i¢,i=0,12,.. (21)

Substituting into Equation (18),

f L g
f. (i) =—tan 1( j 22
(i) = tan| (22)
Equation (22) yields the realizable frequenciestif@r first-order direct-form filter. If we sét1, we see
that the first-order filter can resolve a minimdgmof 0.00091 Hz with 24-bit fixed-point coefficients
which is sufficient for even the most critical anidipplications. We compute the relative errdi-(i) as

error ( f. (i) = (23)

fe (i)

fo (i) = fe i —1)‘

Equation (23) is shown in Figure 1 as a functiof:(j.
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Figure 1. Frequency error of first-order recursivefilter, 24-bit coefficients, fs = 48 kHz.



3.1.3 Perturbation of V, and V4

Now, we consider each common audio filter type spdy, since each type is affected differently by
guantization. A summary of the quantization emov, andVy is shown in Table 3.

Filter Type | Parameter | Max Error (%) |@ Frequency (Hz) Notes
Low-Pass A 0.005 20 a0 =al
Vy 0 after quantization
. \A 0 a0=-al
High-Pass Vi 3x10° 20k after quantization
Vi 0 a=by, &=1
All-Pass Vi 0 after quantization
. A 0.01 20 _
High Shelf v, 3x10° 20K V4 =0.25
A 0.01 20 _
Low Shelf v, Ix10° 12K V. =0.25

Table 3. Error in V. and Vy of first-order recursive filter, 24-bit coefficients, fs = 48 kHz.

Clearly, quantization effects on the first-orderedi-form filter topology are negligible within thhange of
audio frequencies. The only application where ¢heffects may need to be considered is in a smupthi
filter, such as in the smoothing a control valuEven in this case, quantization effects only become
significant when the time constant of the filtegigater than about 16,

Although cascaded first-order filters may be impéented as one or more higher-order filters, we &dvis
otherwise. We will show that the second-order dierecy resolution is significantly poorer than thathe
first-order filter. In addition, the first-ordeilter is low in noise [1], its transient responszed not exhibit
overshoot, and it is simple and efficient to impéamh For example, a second-order Linkwitz-Riley
crossover simply consists of cascaded first-ordgteBworth filters; these filters should be implerted as
cascaded first-order sections when practical tealo

3.2 Second-Order Case

We are familiar with the direct-form pole distribart, shown in Figure 2. This distribution tells tmat
coefficient sensitivity is greater at low frequesssi but how the filter's parameters are affecteshds
exactly clear.

Floating-point coefficients are not much help aw lisequencies. When comparing N-bit fixed-point to
floating-point with an N-bit mantissa (Figure d)ete is only a factor-of-2 increase in pole denattjow
frequencies due to the implied leading 1 of theBHEBating-point format. The pole density increaby a
factor of 2 in vertical bands corresponding to etwste b, is halved and in radial bands corresponding to
each timeb, is halved.

Here, “low” frequencies— the region where -2 b; < -1 and 0.5 b, < 1 — is a significant portion of the
audio band, and this region increases with Q.héworst case (as © ), this region is between 0 and
0.167 in a practical best-case (Q = 0.5), this regihdtween 0 and 0.054*

* The maximum frequency values are found by maximiZquation (24) within the regions specified for
the given value of Q.



s
<§§ X§g§
O.8é‘><>< §X><><§
K X X ><><><><><
KX X XX XXX
K X X ><><><><><
~ K X x ><><><><><
=4 K X x ><><><><><
- <X>< X XXX
04 X
K X x ><><><><><
02<_><>< X ><><><
: X X X X
0 | A v lar N
0 0.2 0.4 0.6 0.8

i)

Rel(z)

Figure 3. Direct form pole distribution using floating-point coefficients with a 5-bit mantissa. The
real axis below 0.1 is not shown, since increasipgle density obscures the plot.

3.2.1 Reverse Calculation of Filter Parameters from Quantized Coefficients

For the second-order case, we use the coefficientquations (11)-(15). Solving this system ofefiv
equations in five unknowns fd¢, Q, Vi, Vs, andVy, we get the following:

_fs | [Lra(B)+a(hb)
f. =—>tan 1=a(b)*a(b) (24)



Ja(b)+1) ~a(n)’
201-q(b,)

_q(a)*da(a)* d 3)
YT L)+ o(b) (20

Q= (25)

_d(a)-a(a)
T “
_a(a)-d(a)+ d 3) (28)

" 1-q(h)+a(b)

3.2.2 Perturbation of f¢

We know the pole quantization of the second-ordet flter is poorest at low frequencies, but wewis
know more precisely hoW is affected by this quantization. Using the saeashnique we used in the first-
order case, we see from Equations (14) and (15)tha -2.0andb, — 1.0asQ — 0. Representingp,
andb, as a function of,

b =-2(1-i¢),1=0,1,2,..

. ) (29)
b, =1- j¢, ji=0,12,.
Substituting into Equation (24)
fC :ktan‘l M (30)
T 4-g(2i+j)

Analyzing Equation (30) is difficult since it isfanction of bothi andj. However, we may approximate
this equation for of sufficiently small size by observing the follmg:

4-¢(2i+j) - dase - 0

(31)
tan™ (x) = x forx<

In addition, the ternf2i — j) produces a series of integers equivalent to tHesie This leaves us with the
following:

fo o,
fc(i)ziﬁ, fo<fg (32)

Fori=1, we see that the second-order direct-form fii@s a minimum realizabfe of approximately 2.64
Hz with 24-bit fixed-point coefficients. The maxim relative error irfc as a function of frequency is

found using Equation (23):
i 1
error (. (i) =1_‘/1_i_ (33)

We may also calculate the error between the desieggiency and the frequency obtained from Equation
(24). For comparison, this is shown in Figure dngl with the maximum error as calculated by Equatio



(33). The maximum error is shown as a functiofi.f§, calculated in Equation (32). At low frequencies,
Equation (33) closely matches the peak error caledl from the quantized coefficients. This givesau
simple equation for analyzirfgequencyquantization.
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Figure 4. Frequency error of 24-bit fixed-point seond-order recursive filter, fs = 48 kHz.

Frequency error decreases nearly exponentialljcascreases. By the tim& reaches 20 Hz, the
maximum frequency error has decreased to 0.88%98 (82 fs=48 kHz). Changing the quantum size,
does not change the shape of the error plot; iplgimshifts the error plot along the frequency axikhis
shift of the error plot is proportional to the sggiaoot of the change in quantum size. Similachanging
the sampling frequency shifts the error plot aldhg frequency axis; however, this shift is linearly
proportional to the change in sampling frequency.

Consequently, each doubling of the sampling frequerequires a factor-of-4 increase in coefficient
resolution — two more bits of precision — to congse for quantization effects. A summary of the
minimum realizable frequencies and maximum frequegrtor at 20 Hz for common sample rates using
24-bit fixed-point coefficients is presented in Teal.

Sampling Rate (Hz) | Minimum f ¢ (Hz) | Maximum Error (Hz) @ 20 Hz
48k 2.64 0.18
96k 5.28 0.73
192k 10.6 2.68

Table 4. Comparison of 24-bit fixed-point quantizéion effects at common sample rates.

3.2.3 Perturbation of Q

Using the representation bf andb, from Equation (29) and substituting into Equat{@b) results in the
following equation for realizable values of Q:

(34)

10



Again, this expression is difficult to analyze, base it is a function of two variables. In Equat{85), we
make three different approximations that allow aisimplify the expression in Equation (34). Inleac
case, the variable that remain®(j) is simply denoted ds since the two series are equivalent.

fori>>j,Q=\/z_
i

fori<j,Q= i(g—ij (35)
£

. 1 3
fori=j,Q=,———
1Q g 4

As in Equation (33), we calculate the error asrtlaximum relative error between quantized Q values:

_|Q(i)-Qi —1)‘ (36)

error (Q(j)) = 20

We plot these three approximations of the maximuraren Q as a function dt(i) in Figure 5, and we
find the three to be very similar at low frequescidn fact, they are nearly identical to the eiirofc(i)

shown in Figure 4. Therefore, we state that ther@pmate maximum error in both frequency and Q at
low frequencies can be estimated by the followixgression:

max error (infor QF % i_}
. 'L wherei = 1,2,.. (37)
=_s fie
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Figure 5. Q error of 24-bit fixed-point second-orer recursive filter, fs = 48 kHz.
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3.2.4 Perturbation of Vy, Vg, and V.

We again consider each common audio filter typeaisply, since each type is affected differently by
guantization. The ranges of Q values were choséhase typically used in audio filtering:

* Low- and High-Pass: 0.5 to 2.563 (highest Q in %o®&ler Butterworth filter)

= High and Low Shelf: 0.5 to 0.7071 (highest Q witkximally flat frequency response)

= Boost/Cut; 0.3 to 4.318 (Q of a one-third octavepipic equalizer section; bandwidth defined at

half power, not half magnitude)

It was noted that while small changes in Q caugguifcant fluctuations in the maximum error, thevas
little difference in the general trend of maximumoe within the specified ranges. In other words, are
no better off using small or large values of Qgémeral.

Filter Type | Parameter | Max Error (%) |@ Freq. (Hz) Notes
V., 5.3 20 A
Low-Pass Vg 0 B=a/2=2
after quantization
Vy 0
V., 0
; a=-a/2=8
High-Pass \\5:’ 1.82104 50K after quantization
Vi 0 —h A=
All-Pass Vs 0 8=D 8y7Dn
after quantization
Vy 0
V., 15.4 20
High Shelf Vg 0.01 20 Vy=0.25
Vi 1.5x10 20k
V., 3.5 20
Low Shelf Vg 0.03 12k Vv, =0.25
Vi 100° 12k
V., 1.8 20
Boost/Cut Vg 0.01 20 Vp=0.25
Vi 1.9x10° 20k

Table 5. Errorin V|, Vg and Vy of second-order recursive filter,
24-bit fixed-point coefficients,fs = 48 kHz.

Here, the reader is reminded that the input tdfittes is not scaled, which is unrealistic for add-point
filter implementation. If input scaling is achievdy modifying the feed-forwarda coefficients, the
maximum error irV, Vg andVy (see Table 5) increases significantly.

4 Reducing Second-Order Parameter Quantization

Here we examine each audio filter type separatetly where necessary, suggest methods for redueing t
effects of coefficient quantization on the filteparameters. We commonly find a coupling of quaatibn
effects: for example, a change in frequency or @ aféect the DC gainy,.. We strive to decouple these
effects, when possible.

4.1 All-Pass Filter

Analysis of the second-order direct-form impleméotaof an all-pass filter reveals that the coedfits of
the numerator and denominator become anti-symraétrim other words, the transfer function is akp

if ag=b, and a;=b; in Equation (10). This being the case, Equatidf) (is all-pass regardless of
guantization. For the all-pass filter, quantizateffects orfc andQ are fully decoupled fronv,, Vg and
V.

® Narrow spike error; typically < 10

12



4.2 High-Pass Filter
Analysis of the second-order high-pass coefficieatgals the following:

8=-2=4 (38)

Provided that this condition is enforced which is simple despite quantizatien equations (26) and (27)
show that/,=Vg=0. From Table 5, we conclude that the erroviiris negligible.

4.3 Low-Pass Filter

Analysis of the second-order low-pass coefficieateals that

H=,78 (39)

N |

Subsequently, Equations (27) and (28) proveWgav,=0. However), cannot be guaranteed to be equal
to 1; because, due to quantization effects, theemator and denominator of Equation (26) may not
necessarily be equal. As — 0, theQ? term used in the numerator of tagcoefficients becomes very
small. Consequently, these coefficients becomg sesceptible to fixed-point quantization errosuiéing

in a gain error dependent &n Floating-point arithmetic nearly eliminates D&imerror, since the error in
V_ is a direct result of the quantization of tyecoefficients as they become smaller.

Fortunately, this gain error is constant with respt frequency (for a giveff), provided that the
guantizeda, coefficients meet the conditions in Equation (3Bhis gain error can be corrected by a simple
gain adjustment before or after the filter. Theoant of gain adjustment is the reciprocaMpfcomputed

in Equation (26). Although this method completalgrrects the gain error, it does incur a small
computational expense.

One method of reducing this error without incurreagy computational expense is to remove the double
zero in the numerator of the low-pass filter’s #f@n function, making the transfer function all-ol

- o
RE ATy (40)

This double zero is a characteristic of the bilmiansform and guarantees a gain of &/atby warping
the frequency axis; removing it results in a reggothat is subject to frequency-response aliasifig.it
turns out, we only need to remove the double zexery low frequencies— aboutfc < f4500. Typically,
at these very low frequencies, there is sufficetgnuation aff2 without the need for additional zeros in
the transfer function.

If we remove the double zero, thgcoefficient becomes
40?

R PO -
Q

This moves the factor-of-4 inside the quantizationction, effectively reducing the DC gain error ay
factor of 4.

We may also force the DC gain to 1 in the all-pole-pass function. From Equation (26), the DC gain
V., for the all-pole filter is computed from the qtiaed coefficients as follows:

13



q(a)

“ “1+q(n)+ q(b) “2

ForcingV,_ to 1 and solving foga, yields
3 =q(1+h+b)=1+ o )+ d b) (43)

While this guarantees that the DC gain is 1, itsdimeur some error in the cutoff frequency and Qhef
filter. This error can become quite apparent wtescading second-order sections to achieve a edredtr
low-pass response, such as Butterworth, Bessel-Stwnor Chebyshev. Since the error in the DC ghin
a low-pass filter can be quite large for low cutibéfquencies (with fixed-point arithmetic), thisagrade-
off that the implementer must consider.

4.4 Shelf Filters

Of all the common types of second-order audiorfltehe shelf filters have the worst DC gain errémn
example is shown in Figure 6, where the inaccuradipe DC gain is clearly seen. Fortunately, viery
frequency shelf filters are uncommon, which is tbgion in which this filter has the most DC gainoer
Still, it would be nice if we could trade off sorfrequency and Q accuracy for an improvement ingtdie
accuracy at DC, since slight deviations in freqyesmtd Q are not as perceptible.

From Equations (24), (25) and (26), we notice frequency and Q rely only dn andb,, while V, relies
on all five coefficients. Furthermore, we can wallrequency and Q to deviate slightly to enforce th
desired value o¥/. Therefore, we start with Equation (26) and sdiveb; as a function o¥/_ and the
guantized values df, anda;:

+ +
L
Alternatively, we may solve fds, as a function of/, and the quantized valuesmfanda;:
+ +
L

We may also solve fdy, andb, simultaneously as a function \¢f, V,, anda.

p=Rtata_a-a+a

A A

+a+ -a+ (46)
p-Rtats B-ara

2\/L 2\/H

Empirically, we find that Equation (45) yields ktresults than Equations (44) or (46) for minimgthe
error inV_. The summary of these results is shown in Tapie the Low Shelf example used, = 0.4 and
0.5<Q<0.707. We call thiforced DC gain quantization

14



10 100

Hz

Figure 6. 40 Hz Low Shelf filter, Q = 0.707, 0.5Rigain increments, 24-bit fixed-point with 2-bit
scaling ona, coefficients,fs = 48 kHz.

10 100

Hz

Figure 7. Same filter as Figure 6 except using tHerced DC gain method.



Max ErrorinV |
@ 20 Hz (%)
Normal quantization 4.76
Using (44) 5.98
Using (45) 0.57
Using (46) 1.12

Table 6. Comparison of error of shelf filter paranmeters with various quantization methods,
24-bit fixed-point coefficients,fs = 48 kHz.

The effect onvg andVy is not shown in Table 6: while this effect is rigijlle throughout most of the
audio spectrum, there is a significant narrowbamdreat a high frequency which depends on the vafue
V.. For this reason, using the forced DC gain methanhly advisable under the following condition:

f <f7f, forV, 2% (47)

An example of the use of Equation (45) is showrrigure 7, where a distinct improvement in DC gain
accuracy can be seen. The deviation of frequendyQis imperceptible in the figure.

45 Boost/Cut Filter

Like the other second-order filter types, the bostfilter can produce significant gain errorsigufe 8
shows an example of the lowest band i-actave graphic equalizer at 0.25 dB increments/éen -1.0
dB and 1.0 dB. Using 24-bit fixed-point coefficterwith 2 bits of scaling applied to thecoefficients, the
resulting frequency responses are severely distorTénis frequency response distortion is a resfuétrror
in the DC gain, which can be seen in the figure.

0.75

0.5

0.25

10 100
Hz

Figure 8. 25 Hz boost/cut filter, Q = 4.318, 0.28B gain increments, 24-bit fixed-point coefficients
with 2-bit scaling on a; coefficients,fs = 48 kHz.



Fortunately, the DC gain error can be eliminat&&galia and Mitra have shown that a boost/cutrfdtn
be implemented as a linear combination of the immat output of an all-pass filter (Figure 9) [LRecall
that the all-pass filter remains all-pass desgi quantization of its coefficients. It followsathgain
guantization error at DC and Nyquist frequenciesegual to zero in this filter structure.

L~
(1+Vb)/2

A@2)

A,

(1-Vb)/2

Figure 9. Regalia filter structure.

Simplifying the transfer function of Figure 9 pradis our boost/cut transfer function, except that th
coefficients in the numerator are mirrored. Thésults in an equivalent magnitude response, but wit
excess phase. It therefore seems possible toedarnew set of coefficients for our direct-form btdout
filter, decomposing the all-pass portion from tbthe non-all-pass. For our all-pass function,use the
trivial second-order case. The reason for thisolexs obvious: use of a trivial all-pass filter fesin a

minimum-phase filter. Normally this transfer fuioct would simplify to 1 (hence, it is trivial), bute keep
it as such for now:

(QZ +g+1j+2(92 -1) zl+(92 —Q+1j z*

A(2)=—2 o 48)
Q*+=+1[|+2(Q?-1 zl+(§22 —+1j z?
e R E G
The boost/cut transfer function is
(QZ +QVb+1j+ 2(Q?-1)z* +(Q2 _2 s 1) 72
H(z)= Q Q (49)

(QZ 2 +1j+2(§22 —1) z'1+(§22 —Q+1j 72
Q Q

We desire to decompose the coefficientsHgt) into their all-pass and non-all-pass componenBy
inspection, we see that tlag b; andb, coefficients are already equal to their all-passnterparts. This
leaves us with onlg, anda, to compute. Normalizing such tHat1, we get

Qz+9Vb+1
Q= =1t x
2+ 241
© (50)
Qz—%vml Qz—%+1
= = +
a, 0 0 %

Q*+=+1 Q%+ —=+1
Q Q

wherex, is the non-all-pass component of thecoefficient. Solving fok, yields
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%(l—Vb)
NETR T (51)
Q7+ 241
Q

Quantization of th@y coefficient does not change, since

Q Q Q
6(1—Vb) 6(1_ Vb Q? +6Vb+1
a(&)=a- —a |7 1——9 B (52)
Q®+>=+1 Q%+ +1 Q%+ +1
Q Q Q
However, the newa, coefficient becomes quantized as
Q Q
Q? ‘6"'1 6(1_Vb)
a(a)=q —73—|* 5 (53)

Q%+ +1 Q%+ " +1
Q Q

Referring to Equations (11)-(15), we observe that may generalize this approach with Equation (54).
Here,by is implied to be 1.

d(a)=a(k)+ d a- ) (54)

Equation (54) implies that the quantization funetiaust be the same for all coefficients. This nseiduat
the quantumg, must be constant; or in other words, all coedfits must be quantized to the same number
of bits to the right of the radix point. We calet quantization method of Equation (5dl)-pass

guantization
Maximum Maximum
Error Error @
Parameter | with normal | with all-pass | Freq. | Notes
guantization | quantization | (Hz)
(%) (%0)
Vi 1.8 0 20
Vg 0.01 0.02 20 | Vg=0.25
Vi 3.2x10° 0 20k

Table 7. Error in V, Vg and Vy of boost/cut filter with and without all-pass quartization,
24-bit fixed-point coefficients,fs = 48 kHz.

In Table 7, we see that the erroMnandVy has indeed cancelled out. The previous examplleeolowest
band of @4-octave graphic equalizer is shown in Figure 1@,this time using all-pass quantization on the
fixed-point coefficients. There is a significamprovement in the shapes of the filter respongdthough
some deviation in center frequency can be obseivédslight and does not affect the overall shapthe

response.
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Figure 10. Same filter as Figure 8, but using albass quantization.
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6 Conclusion

We have analyzed how coefficient quantization affabe frequency response of the direct-form filter
implementation. This analysis is performed by diepieg filter coefficients from filter parameters,
quantizing the coefficients, and reverse calcutptthe filter parameters. This gives us a clearer
understanding of how a filter’'s parameters arecaéfe by coefficient quantization.

From this analysis, we have developed an expre$sragstimating the maximum error in frequency &hd
resolution at low frequencies. This expressionesebnly on the number of bits of precision in the
quantized coefficients and the sampling frequende show that each doubling of the sample rate
necessitates two additional bits of coefficientgsi®n to maintain parameter resolution.

Analyzing several types of audio filters, we hawverfd that the gain at DC is susceptible to appbéeia
guantization error in second-order low-pass, higth l@w shelf, and boost/cut filters. We have depel
simple techniques for reducing or eliminating thisor without increasing filter complexity or coefént
precision.
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